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A Lower Bound on Blocking Semiovals
JEREMY M. DOVER
A semioval in a projective plane 5 is a set S of points such that for every point P ∈ S, there exists
a unique line ` of 5 such that ` ∩ S = {P}. In other words, at every point of S, there exists a unique
tangent line. A blocking set in 5 is a set B of points such that every line of 5 contains at least one
point of B, but is not entirely contained in B. Combining these notions, we obtain the concept of a
blocking semioval, a set of points in a projective plane which is both a semioval and a blocking set.
Batten [1] indicated applications of such sets to cryptography, which motivates their study. In this
paper, we give some lower bounds on the size of a blocking semioval, and discuss the sharpness of
these bounds.
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1. INTRODUCTION
Let 5 be a projective plane of order q . A semioval in 5 is a nonempty subset S of points
of 5 with the property that for every point P ∈ S, there exists a unique line ` of 5 such that
` ∩ S = {P}. This line ` is called the tangent to S at P . We note that the term tangent is used
only to denote one point contact; these lines may not be tangents in the algebraic geometry
sense.
The classical examples of semiovals arise from polarities of finite planes: ovals and unitals
being the most prominent examples. Much more interesting for our purposes is the vertexless
triangle. In any finite projective plane of order greater than 2, let `1, `2, and `3 be any three
nonconcurrent lines. Let T be the set of all points which lie on exactly one of these lines, i.e.,
the set of points on the sides of this triangle without the vertices. Then T is a semioval, and in
fact T is also a blocking set. If q is the order of our plane, then |T | = 3q− 3. This establishes
the existence of blocking semiovals in all finite projective planes, except for the Fano plane,
which does not contain blocking sets.
While the study of blocking semiovals was originally motivated by Batten [1] in connection
with cryptography, we point out that they are interesting objects in their own right. Blocking
semiovals are necessarily minimal blocking sets, as the removal of any point from a blocking
semioval S will cause the resulting set to have a passant (namely the tangent to S at the
removed point). On the other hand, a blocking semioval is also a maximal semioval; adding
any point to a blocking semioval S will cause the added point to have no tangent, as every line
through that point must already meet S.
Let 5 be a projective plane of order q > 2, and let S be a blocking semioval in 5. As S is
a semioval, Hubaut [7] has shown that q + 1 ≤ |S| ≤ q√q + 1. On the other hand, Bruen [2]
has shown that any blocking set satisfies q + √q + 1 ≤ |S| ≤ q2 − √q . Combining these
two results, we find that any blocking semioval satisfies q +√q + 1 ≤ |S| ≤ q√q + 1. The
upper bound is met if and only if 5 contains a unital (Bruen and Thas [4]). However, this
lower bound can never be met; Bruen [2] shows that any blocking set of size q+√q+1 must
be a Baer subplane, but a Baer subplane is clearly not a semioval, as every point of a Baer
subplane lies on q −√q tangents. It is our intention to improve this lower bound.
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2. A LOWER BOUND
In order to provide a better lower bound on the size of a blocking semioval, we adapt a
proof of Bruen’s result on blocking sets given by Bruen and Silverman [3]. Before proceeding
to this result, we first need the following lemma, whose proof can be found in Dover [6].
LEMMA 2.1. Let 5 be a projective plane of order q > 2, and let S be a semioval in 5.
Then no line of 5 is contained in S, and if q > 3 no line of 5 can meet S in q points.
THEOREM 2.2. Let 5 be a projective plane of order q > 3, and let S be a blocking semi-
oval in 5. Then 2q + 1 ≤ |S| ≤ q√q + 1. If q = 3 then |S| = 2q = 6.
PROOF. The upper bound is due to Hubaut [7]. As S is a blocking set, Bruen [2] has shown
that |S| = q + λ for some λ > 0, and further that no line meets S in more than λ points.
Let xi denote the number of lines of 5 which meet S in exactly i points. As S is blocking,
we know x0 = 0 and S being a semioval implies x1 = q + λ.
Standard counting arguments on lines, S-flags, and point pairs in S yield the following three
relations, using our above values for x0 and x1:
λ∑
i=2
xi = q2 + 1− λ (1)
λ∑
i=2
i xi = q2 + qλ (2)
λ∑
i=2
i(i − 1)xi = λ2 + (2q − 1)λ+ (q2 − q). (3)
Consider the equation obtained by subtracting Eqn (3) and 2λ times Eqn (1) from (λ + 1)
times Eqn (2). After some arithmetic, we obtain
λ∑
i=2
[(i − 2)(λ− i)xi ] = (q + 1)λ2 − (q2 + q + 1)λ+ q. (4)
As our index of summation varies between 2 and λ, and xi is nonnegative for all i , the left-hand
summation above is nonnegative, which forces the right-hand side to also be nonnegative. As
the right-hand polynomial factors as (q + 1)(λ − q)
(
λ− 1q+1
)
, we find that λ ≥ q . Since
|S| = q + λ, this shows |S| ≥ 2q .
Suppose now that λ = q . This forces the right-hand polynomial in Eqn (4) to equal 0,
forcing the left-hand summation to equal 0 as well. Consequently, xi must equal 0 for all i
except 2 and λ = q. If xq = 0, this implies that S is an arc, which cannot be a blocking set.
Thus xq is not 0, which forces some line of 5 to meet S in q points. By Lemma 2.1, this
forces q = 3. Thus for all q > 3, we must have |S| ≥ 2q + 1.
If q = 3, the size of a blocking semioval must be an integer satisfying 6 ≤ |S| ≤ 3√3+1 <
7. Thus, |S| = 6 with the vertexless triangle showing that such an S exists. 2
3. ANOTHER LOWER BOUND
We now wish to give another lower bound for the size of a blocking semioval in a projective
plane of order q , based upon the additional assumption that the blocking semioval admits a
(q − k)-secant for some fixed integer k. Combining these for all k in the appropriate range,
we will obtain a slightly better, if less elegant, result than that of Theorem 2.2.
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THEOREM 3.1. Let 5 be a projective plane of order q ≥ 3, and let S be a blocking semi-
oval in 5. If S has a (q − k)-secant, 1 ≤ k < q − 1, then S contains at least
⌈
3k+4
k+2 q − k
⌉
points.
PROOF. Let S be a blocking semioval in 5, and suppose S has a (q − k)-secant `. Let
P0, . . . , Pk be the points of ` not in S. For each point Q of S off `, the tangent to Q must
meet ` in one of the Pi ’s; let xi be the number of points in S off ` whose tangent to S passes
through Pi .
As S is a blocking set, every line through Pi must meet S, and for all of these lines except `,
these points must lie off `. As exactly xi of the lines through Pi are tangent to S, the remaining
q − xi lines through Pi distinct from ` must contain at least two points of S. Thus for each
i ∈ {0, . . . , k}, we must have
xi +
k∑
j=0
j 6=i
1
2
x j ≥ q. (5)
As S has q − k +∑ki=0 xi points, a lower bound for the number of points in S will be
the solution to the linear program which seeks to minimize this expression subject to the
constraints of Eqn (5). This is a standard minimum problem which is symmetric with respect
to the decision variables, and thus the minimum will occur when all of the xi ’s are equal
and all of our constraints are satisfied. This minimum occurs when each xi = 2qk+2 which
yields a minimum value of 3k+4k+2 q − k. As this number must be an integer, our lower bound is⌈
3k+4
k+2 q − k
⌉
, as claimed. 2
Before giving an improved bound, we need the following lemma.
LEMMA 3.2. Let 5 be a projective plane of order q > 5, and let S be a blocking semioval
in 5. Then some line of 5 meets S in at least four points.
PROOF. Suppose by way of contradiction that no line meets S in more than three points.
In the language of the proof of Theorem 2.2, this implies that the numbers xi are all zero
for i > 3. Thus for our set S, we have the following system of equations, specializing in
Eqns (1)–(3),
x2 + x3 = q2 + 1− λ
2x2 + 3x3 = q2 + qλ
2x2 + 6x3 = λ2 + (2q − 1)λ+ q2 − q
where S has q + λ points, with λ > 0.
Using Gauss–Jordan, one can quickly determine that this system has a solution if and only
if
λ2 − (2q + 7)λ+ 3q2 − q + 6 = 0.
The discriminant of this quadratic equation is 32q+25−8q2, which is negative for all q > 5.
This is the desired contradiction. 2
THEOREM 3.3. Let 5 be a projective plane of order q ≥ 7, and let S be a blocking semi-
oval in 5. Then |S| ≥ 2q + 2.
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PROOF. Since q ≥ 7 is fixed, the function f (k) = 3k+4k+2 q − k is a function of the single
variable k, where k is constrained in the interval [1, q − 3]. However, by Lemma 3.2 we may
assume that some line of 5 meets S in more than three points, and thus we may constrain k
to be in [1, q − 4]. One can quickly compute that f ′(k) = 2
(k+2)2 q − 1 and determine that f
increases on the interval (1,M) and decreases on the interval (M, q−4), where M = √2q−2.
Another brief computation shows that f (1) = 73 q − 1 and that f (q − 4) = 2q + 4 −
2q
q−2 . Hence |S| ≥ min {d f (1)e , d f (q − 4)e}, and one can easily check that the minimum is⌈
2q + 4− 2qq−2
⌉
for all q ≥ 7.
Since every blocking semioval S must have a (q−k)-secant for some k ∈ [1, q−4], at least
one of the lower bounds f (1), . . . , f (q − 4) must apply to S. As f (q − 4) is the smallest of
these, we can conclude that S must have at least
⌈
2q + 4− 2qq−2
⌉
points. However, for q ≥ 7
the quantity 2qq−2 lies strictly between 2 and 3, which implies |S| ≥ 2q + 2. 2
4. MINIMUM BLOCKING SEMIOVALS
Looking at the proof of Theorem 3.3, we can informally remark that for a blocking semi-
oval to achieve the bound of that theorem, it must have only ‘small’ secants. It seems unlikely,
however, that such examples will exist for all q . Thus, this raises the question of what the true
lower bound is.
With this in mind, let 5 be any projective plane of order q , and define m B(5) to be the
cardinality of the smallest blocking semioval in 5. With this definition, our previous results
can be stated as (assuming q > 5):
2q + 2 ≤ m B(5) ≤ 3q − 3.
(The upper bound arises from the existence of vertexless triangles.)
We note that some values of m B are known for small order planes. The bounds of Theor-
ems 2.2 and 3.3 yield the following values:
m B(PG(2, 3)) = 6
m B(PG(2, 4)) = 9
m B(PG(2, 5)) ≥ 11
m B(PG(2, 7)) ≥ 16.
A computer search using the software package MAGMA [5] shows that the latter two bounds
are in fact sharp. A blocking semioval of size 11 in PG(2, 5) will be given shortly; the block-
ing semioval of size 16 in PG(2, 7) does not seem to generalize nicely, however.
We now proceed to give a construction which will derive a blocking semioval of size 3q−4
from a vertexless triangle, based upon the existence of a certain type of configuration, which
we now define.
DEFINITION 4.1. In a projective plane 5 (finite or infinite), let ABC , and A′B ′C ′ be two
vertex-disjoint nondegenerate triangles in perspective from a point O . Assume further that
AB and A′B ′ intersect in a point N of OC and BC and B ′C ′ meet in a point L of O A. Define
M to be the point where O B and L N meet. If AC ∩ A′C ′ = M , we say the resulting 10-point
configuration is an even 1-configuration. If AC ′ ∩ A′C = M , the 10-point configuration is
an odd 1-configuration.
Blocking semiovals 575
We note that an even 1-configuration is actually a special case of Desargues’ configuration
which also contains two Fano subplanes (hence the name even). The odd 1-configuration
however is not a Desargues’ configuration.
Before commenting on the existence of 1-configurations, we show how one can use them
to construct blocking semiovals.
THEOREM 4.2. Let 5 be a projective plane of order q, with q ≥ 5. If 5 contains a 1-
configuration, then 5 contains a blocking semioval of size 3q − 4.
PROOF. Suppose 5 has a 1-configuration (either even or odd) consisting of the triangles
ABC and A′B ′C ′ in perspective from point O , with collinear points L , M , and N as in
Definition 4.1. Define the set S to be the set of points on any line of O L , O N , or L N ,
excepting L , M , N , O , C , and C ′, together with the points B and B ′. (Essentially, S is a
vertexless triangle with three points deleted and two added.)
We claim that S is a blocking semioval. To see that S is a blocking set, we show that every
line meets S and that S is a semioval. From Dover [6], no semioval can contain a line, so S
will be a blocking set as well. Let ` be any line of 5. Since ` must meet O L is at least one
point, ` will contain a point of S on O L unless ` passes through either O or L; we focus on
these cases.
Suppose first that ` passes through L and not O; then ` must also meet O N in a point X . If
X /∈ {N ,C,C ′} then X is itself in S, and so ` contains a point of S. L N has all of its points
except L , M , and N in S, while LC and LC ′ contain the points B and B ′ of S, respectively.
Suppose now that ` passes through O but not L; then ` meets L N in a point X . As above,
if X /∈ {M, N } X is itself in S and ` will meet S. The line O M contains both B and B ′ of S,
while O N has all of its points excluding O , N , C , and C ′ in S, which as 5 has order greater
than 4 in at least two points. Thus every line of 5 meets S in at least one point.
We now show that S is a semioval. We first look at the points of S which lie on O L; let
Y be such a point, and assume first that Y /∈ {A, A′}. Every line through Y must meet L N
in a point so the only possible tangents to S through Y are Y L , Y M , and Y N . First note that
Y L = O L which is clearly not a tangent. The line Y M must meet O N in a point X , which
is clearly neither O nor N . If X = C , then the line Y M would contain both C and M , which
would force Y to be either A or A′, depending on whether our1-configuration is even or odd,
respectively. This is a contradiction, and a similar argument shows that X 6= C ′. Thus X is a
point of S, and Y M is not a tangent to S. The line Y N will be a tangent to S at Y unless it
contains either B or B ′; however the line N B (resp. N B ′) meets O L in the point A (resp. A′),
which implies that Y N can pass through neither B nor B ′, and is thus the unique tangent to S
at Y .
Now look at the point A (resp. A′). As above, the only possible tangents to S at A (resp.
A′) are AM or AN (resp. A′M or A′N ). AN (resp. A′N ) contains the point B (resp. B ′) and
is thus not a tangent to S. This leaves only AM (resp. A′M) as a possible tangent. We note
that this line contains neither B nor B ′, as it meets the line O M (on which both B and B ′
lie) in the point M . Further, this line meets O N in either C or C ′ depending on whether our
1-configuration is even or odd (resp. odd or even), which in either case is not a point of S.
Thus S has a unique tangent at A (resp. A′).
The only possible tangent to a point Y of S on L N must meet L O in O , and as M /∈ S
Y O is indeed a tangent to S at Y . Similarly the only possible tangent to a point Y of S on
O N must pass through L , and these lines are indeed tangents. Finally, we note that every line
through B (resp. B ′) meets L O in a point of S except BL and BO (resp. B ′L and B ′O). BO
contains both B and B ′, and is thus not a tangent, and the line BL (resp. B ′L) meets O N in
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C (resp. C ′) which is not a point of S. Therefore BO (resp. B ′O) is the unique tangent to S
at B (resp. B ′).
This shows that S is indeed a blocking semioval, and a brief count shows that S contains
3q − 4 points. 2
We note in passing that 5 need not be a finite plane for the set S of Theorem 4.2 to be
a blocking semioval; 5 need only have a 1-configuration. We would now like to determine
the circumstances under which any plane PG(2, K ) for any division ring K can contain a
1-configuration.
THEOREM 4.3. The plane PG(2, K ) over any division ring K contains an even (resp.
odd) 1-configuration if and only if the characteristic of K is even and K 6= G F(2) (resp. the
characteristic of K is odd or 0).
PROOF. Model PG(2, K ) as a three-dimensional vector space over K . By Definition 4.1
of a 1-configuration, we have two nondegenerate triangles ABC and A′B ′C ′ which are in
perspective from a point O . Hence the points O , A, B, and C are in general position, and we
may assume without loss of generality that O = (1, 1, 1), A = (1, 0, 0), B = (0, 1, 0), and
C = (0, 0, 1) in homogeneous coordinates. We then know that there exist a, b, c ∈ K such
that A′ = (a, 1, 1), B ′ = (1, b, 1), and C ′ = (1, 1, c). The constants must be chosen so that
these three points are not collinear.
Again from Definition 4.1, we know that point N lies on AB, A′B ′ and OC . Since N is the
intersection of these first two lines, N must have coordinates (a − 1, 1 − b, 0). Since N also
lies on OC , we must have a − 1 = 1 − b, or b = 2 − a. In a similar fashion, the point L
which lies on BC , B ′C ′ and O A must have coordinates (0, b− 1, 1− c), with b− 1 = 1− c
which implies c = a. By definition M is the intersection of O B and L N which forces M to
have coordinates (1, 2, 1).
At this point, we wish to recall that a, b, and c must be chosen to ensure that A′B ′C ′ is a
triangle. This is equivalent to showing that the vectors (a, 1, 1), (1, 2−a, 1), and (1, 1, a) are
linearly independent; it is not difficult to show that this is true as long as a is neither 0 nor 1.
Suppose we have an even 1-configuration. Then the point M lies on AC , which forces its
middle component to be zero. This happens if and only if 2 = 0 which occurs if and only if K
has even characteristic. Hence an even 1-configuration can only exist if the characteristic of
K is even. As M is clearly on A′C ′, showing the converse requires only that a may be chosen
so that A′B ′C ′ is a triangle; by the above this can be done as long as K 6= G F(2).
On the other hand, suppose we have an odd 1-configuration. We now know that AC ′ and
A′C both contain M , which forces M to have coordinates (a, 1, a). As M also has coordinates
(1, 2, 1), we must have 2a = 1, which cannot occur if K has characteristic 2. Conversely, if K
has either zero or odd characteristic, we may let a = 1/2, and obtain an odd 1-configuration.
This proves the theorem. 2
While we have only explicitly constructed 1-configurations in Desarguesian planes, we
have in fact exhibited 1-configurations in all projective planes which admit a Desarguesian
subplane of order greater than 2 (note that the configurations exist for q = 3 and q = 4, but
do not give rise to blocking semiovals as in Theorem 4.2), as all of the salient incidences will
occur within the subplane. In particular, this class includes all translation planes whose kernel
is any field other than G F(2).
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5. CONCLUSION
The obvious question that remains to be answered is what the true lower bound on the size
of a blocking semioval is. Both of the figures 2q + 2 and 3q − 4 seem unlikely (in those cases
where those bounds are applicable), but no better candidate is apparent. Of course, a similar
problem holds true with blocking sets; the ‘tight’ bound given by Bruen [2] is only tight when
the order of the plane is a square, and that plane admits a Baer subplane.
Another interesting problem is simply the construction of blocking semiovals (regardless of
size). Several families of blocking semiovals have been constructed; other than the classical
examples of unitals and vertexless triangles, the known families are:
1. Blocking semiovals of size 3q − 4 in PG(2, q) with q > 3 odd given by Theorem 4.2.
This family has recently been generalized by Suetake [9].
2. A family of size 3qe − q − 2 in PG(2, qe) where q is a prime power with q ≥ 3, also
discovered by Suetake [9].
3. A family of size 3pe − 3 in PG(2, pe), p > 3 prime, which has no (pe − 1)-secant,
discovered by Ranson [8].
There are also several sporadic examples known: both Suetake and Ranson provide computa-
tional results in small order planes.
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